A solution is given for the frictionless thermoelastic contact of a cooled flat cylindrical rigid punch and an elastic half-space. If the thermal distortion is sufficiently small, contact is retained over the entire punch face and the solution can be written down from known results. For larger temperature differences the conventional boundary conditions do not permit a solution, but a solution is here developed in which a central circle is in imperfect contact, i.e. a non-zero contact resistance exists between the surfaces.
Introduction
IF an elastic half-space is indented by a cooled rigid punch, circumstances can arise in which no steady-state solution exists satisfying the conditions of perfect thermal contact in all regions of mechanical contact and complete insulation in regions of separation (1). This difficulty can be avoided by using the physically more realistic assumption of a thermal contact resistance whose magnitude varies in some inverse manner with pressure (2). Furthermore, linearity can be preserved by considering the limiting case of this boundary condition in which the transition from insulation to perfect contact occurs over a very small range of pressure. This argument is elaborated in reference (2), where it is shown to lead to the possibility of a state intermediate between perfect contact and insulation, in which the contact pressure is infinitesimal and the thermal contact resistance has a finite positive value. This state is described as "imperfect contact" and the consistency of such a formulation of the thermoelastic contact problem is explored by Comninou and Dundurs (3) using an asymptotic analysis.
One might anticipate the occurrence of imperfect contact in regions for which the idealised analysis requires an unacceptable tensile contact stress and this is supported by the particular solution for the indentation by a cooled sphere given in reference (2). In this paper we shall treat the related problem of the indentation of a half-space by a cooled cylindrical flat-ended punch. In contrast to the sphere, the cooled flat punch can exist in a state of purely perfect contact for some combinations of load and temperature. We therefore consider this relatively elementary state first-both for completeness and by way of introducing the imperfect contact solution.
Solution with perfect thermal contact
We consider an elastic half-space z > 0, of conductivity K, coefficient of thermal expansion a, modulus of rigidity G and Poisson's ratio v, indented by a flat-ended rigid cylinder of radius b at temperature T o . Remote regions of the half-space are assumed to be at zero temperature. The cooled-punch problem will therefore correspond to T o <0.
The straightforward approach is to assume perfect thermal contact over the base of the punch, in which case the boundary conditions are 0)
(ii) <r«=0,.
<r n =0\ all r, (3) on z = 0, where T is temperature, u^ the normal component of displacement and <r ra , a zz the tangential (radial) and normal surface tractions respectively. The load, P, applied to the punch will also be prescribed and hence f 2imr«(r,0)dr = -P.
•0
The solution of this problem can be written down using existing results. Thus, taking the particular thermoelastic solution (equations (11), (13) ) from the solution for indentation by a hot sphere (4) and superposing the isothermal Boussinesq solution, we find that the contact pressure distribution If the punch temperature T o exceeds the upper limit of (7), equation (5) will predict a tensile contact stress near r = b. In the physical problem, separation will occur, giving a circular contact area of radius a < b. This problem can also be solved by elementary means-it is in effect the contact problem for the heated sphere in the limit where the sphere radius becomes infinite. From reference (4) we have
to determine the new contact radius and
It will be observed that this solution joins smoothly to that of equation (5) in the point a = b. When the punch is cooled below the lower limit in (7), equation (5) predicts a tensile contact stress near r = 0 and at first sight we might anticipate a solution with a central circle of separation and an annulus of perfect contact. However, it can be demonstrated from curvature considerations (6) that it is impossible for an enclosed region to separate. We therefore look for a solution in which the central circle remains in imperfect contact.
Statement of the problem with imperfect contact
We suppose that imperfect contact occurs over a circle of radius a (<b) in which case the boundary conditions for the problem are: on O=sr«a; Imperfect contact
On a^rzsb; Perfect contact
On r>b; Separation
Condition (lOii) can be interpreted as saying that the contact stress is infinitesimally small though the punch remains in contact. Note that two inequalities must be satisfied in addition to two boundary conditions in each contact region.
The first of these, (lOiii), demands that heat flow be across a falling temperature jump, i.e. that the contact resistance in the imperfect contact region be everywhere positive, whilst (lliii) demands that contact stress be non-tensile. These inequalities essentially serve to determine the unknown radius a separating the perfect and imperfect contact regions. However, an equivalent and more convenient way of applying this condition is to demand that contact stress goes to zero as r -> a + (see (3)).
Reduction to a mixed boundary-value problem for the half-space
The state of stress in an elastic half-space with a steady-state temperature distribution and no tangential surface tractions can be expressed in terms of two harmonic potential functions, a suitable representation of the displacement vector D being
(see (7) or solution A of (8)). On the surface plane, z = 0, this solution gives 
We can therefore reduce the problem of equations (10) to (12) 
Method of solution
Equations (19) to (21) define a three-part boundary-value problem in two variables, but, following Collins (9), we can decompose each function into a number of components, each of which satisfies two-part conditions and hence treat the problem by classical methods. Thus we write where the components <f> h ip t are chosen to satisfy the conditions shown in Table 1 on z = 0. The conditions on <£,, <^, i\i u specified in Table 1 can be satisfied identically by using the representation developed by Green (10, 11) 
Note on rigid-body displacements
It will be observed that equation (31) defines values of di/^/dz and hence U-L which are logarithmically unbounded at large r unless a certain integral of the function g x is zero. It is found in thermoelastic problems for the half-space that displacements are logarithmically unbounded if the net heat input to the half-space is non-zero and hence a representation is needed which permits this behaviour.
It follows that the constant A which appears in equations (19, 20) is arbitrary insofar as the punch displacement cannot be related to a fixed point at infinity. It may be thought that there would therefore be no loss of generality in taking A = 0 in which case (/> 0 -0. However, equation (31) cannot describe a singularity of the form of equation (29) without requiring unbounded values for g,. Thus, the decomposition of tft into I/ ZQ + I//, is essentially a separation of components with different forms of singularity at r -*b and r ->oo respectively.
Development of three coupled integral equations
We require the following values of the derivatives of <p 1 , <t> 2 , t/'i, on z = 0, obtained from equations (31) to (33), by differentiating if appropriate, and then proceeding to the limit z ->0 following the rules laid down in (11) Substituting these results into equations (24) to (26), we obtain gi(0 dt , 2A
from (24), (37), (34) and (29),
from (25), (36), and (38), and
from (26), (34), (35), and (30). Equations (39) and (41) An essentially similar manipulation of equations (41) and (42) 
Reduction to a single Fredbofan integral equation
The equations (45) to (47) each involve only two of the unknown functions g 1( g 2 , g 3 and hence can be reduced to a single Fredholm equation in any one of the three by substitution. Thus eliminating g 3 between equations (45) and (47), we have
Reversing the order of integration in the first term and performing certain integrations gives
-; r K^H^-?^ [-&$-
Note that the domain of the double integral in equation (48) excludes the point t = s = x, since b > a, and hence the reversal of the order of integration is legitimate. Finally, we eliminate g 2 between equations (46) and (49) to obtain
In this instance, the domain of the double integral does include t = s = x, but there is a cancelling zero in the numerator of the kernel and hence the integration order can again be inverted without invoking the PoincareBertrand formula. After some manipulation, we have 2x
which is of the required Fredholm form.
Determination of the constant
A Equation (51) contains an arbitrary constant, A, which must be chosen in order to satisfy appropriate continuity conditions at the boundary x = a between the regions of perfect and imperfect contact.
From Table 1 , the only function liable to produce a discontinuity in temperature at this boundary is <j> 2 and from equation (37), cP^dz 2 and hence temperature and contact stress will be continuous as long as g 3 (a) is bounded. Now equation (45) for g 3 (x) contains terms which are singular with (a 2 -x 2 )~$ as x-* a-and hence we require these terms to be selfcancelling at x -* a -, i.e. 
We note that in this form the solution depends only upon the single non-dimensional parameter c.
Expressions for contact stress, total load and heat flux
The contact stress in a *sr*sb is given by It can be shown that this expression gives a value of the contact stress which tends to zero with r-a and r->a+ as required by the asymptotic analysis of Comninou and Dundurs (3). The total load on the punch is
The total heat flux Q from the half-space to the punch could be obtained by integrating the expressions for dT/dz in 0« r « b, but it is more efficient 10 Fio. 1. Variation of total load P and heat flux Q with the ratio c of imperfect and perfect contact regions (equations (58, 62)).
to examine the temperature field at large r. There is no surface heat flux in r>b and hence at large r the temperature approaches that due to an equivalent point sink Q at the origin (13) which is = -Q/2-n-fcr. Now, on z = 0 in r>6, we have 2(lfrom equation (21i) and 
Numerical solution and results
The quantities of interest having been expressed in terms of the single function g(t), it remains to solve equation (55) values of the parameter c. The kernel is not singular at £ = t, though a limiting expression is needed for computational purposes. Furthermore, there is no singularity in the kernel as t-* 1, but the last two terms are logarithmically singular as £ -> 1 and hence we must use a procedure which excludes the end points. The range can be converted to 0 to 1 by working in terms of the reciprocals 1/r, l/£, in which form a simple mid-point rule integration was found to give good convergence. Figure 1 shows the total load P and heat flux Q as functions of c. When c is small, P tends to the limiting value P(l-v) (63) and is therefore continuous with the perfect contact solution (equations (5) to (7)) as we should expect.
Typical contact stress distributions are given in Fig. 2 . These show a square root singularity at the punch edge and a linear asymptotic behaviour at r = a.
Conclusion
The imperfect contact solution given here defines a configuration for the punch for all values of temperature excluded by the perfect contact solution (section 2 above) and hence completes the solution of the thermoelastic problem of an elastic half-space indented by a rigid flat cylindrical punch.
We note that the bulk thermal contact resistance (TJQ) is constant and a minimum as long as perfect contact exists over the whole punch face, i.e. in the temperature range defined by the inequality (7), and increases as the temperature is changed away from this range in either direction-in one case because of separation at the edges and in the other because of the development of imperfect contact at the centre of the punch face.
